In 2003 Bartoszyński and Halbeisen published the results on various equivalences of Kuratowski and Banach theorem from 1929 concerning some aspect of measure theory. They showed that the existence of the so called BK-matrix related to Banach and Kuratowski theorem is equivalent to the existence of a K-Lusin set of cardinality continuum. On the other hand, in 1965 E mov introduced the strong sequences method and using this method proved some well-known theorems in dyadic spaces. The goal of this paper is to show that the existence of such a K-Lusin set is equivalent to the existence of strong sequences of the same cardinality. Some applications of this results are also shown.
Introduction
In the paper [1] Bartoszyński and Halbeisen proved some equivalences of the existence of K-Lusin sets of size ℵ and showed that the existence of such a set is independent of ZFC+¬CH. Some of their results were inspired by a paper of Banach and Kuratowski [2] published in 1929, in which the authors solved a problem in measure theory concerning the existence of a non-vanishing σ-additive nite measure on the real line which is de ned for every set of reals by using the following combinatorial result, (see [1] ).
Banach and Kuratowski Theorem. Under the assumption of CH, there is an in nite matrix
is at most countable.
The matrix from the theorem above is called in the literature as a BK-matrix.
Following [1] recall that if F ⊆ ω ω then
The crucial point in the Banach and Kuratowski proof, ( [2] , Theorem II), is the following result On the other hand, E mov in [3] introduced the combinatorial method so called strong sequences method and used it for proving some well-known theorems in dyadic spaces (among others the Marczewski theorem on cellularity, the Shanin theorem on a calibre).
The goal of this paper is to show that the existence of a special kind of a strong sequence is equivalent to the existence of a K-Lusin set of cardinality c, which is an easy consequence of l = ℵ and of the existence of a concentrated set of cardinality c. The results in this paper will be proved in a generalized version which generates further equivalences, especially between the existence of generalized strong sequences and the so called generalized BK-matrix as a kind of generalized independent family, (see [4] [5] [6] ).
On the existence of generalized K-Lusin sets and generalized strong sequences
Let κ ≥ ω be a regular cardinal. In the set κ κ we consider the following relation, if
De nition 2.1. A set X of size
Assuming GCH we obtain l κ = κ . It follows from the next lemma.
Lemma 2.2 (GCH).
There exists a family F ⊆ κ κ of cardinality κ + such that
Proof.
We will construct a sequence {f α ∈ κ κ∶ α < κ
by trans nite recursion.
Assume that for α < κ + the sequence {f β ∈ κ κ∶ β < α} ful lling (i) and (ii) has been de ned. Since κ + is regular, we have κ κ ∖ {f β ∈ κ κ∶ β < α} = ∅.
Let α be a successor. Take g α ∈ κ κ and suppose that for each f α ∈ κ κ ∖ {f β ∈ κ κ∶ β < α} at least one of the conditions (i) or (ii) does not hold.
The argumentation for proving that (i) holds is similar. If α is limit, then we take f α = ⋃ β<α f β .
The following lemma is an easy consequence of the above de nitions and Lemma 2.2. Now we de ne a generalized strong sequence, (see also [6] ). Let α be a cardinal number. We say that A ⊆ κ κ
Lemma 2.3 (GCH)
is an α-directed set i for each B ⊂ A of cardinality less than α there exists f ∈ κ κ such that g ⪯ f for all g ∈ B.
De nition 2.4. Let α and η be cardinals. A sequence (H φ ) φ<η , where
The following result is true.
Theorem 2.5 (GCH).
The following are equivalent
Proof. By Lemma 2.2 there exists a family F ⊆ κ κ of cardinality κ
Let H be the rst element of a κ + -strong sequence.
Assume that the κ + -strong sequence (H ξ ) ξ<ψ for ψ < κ + such that
where f ξ ∈ κ κ ∖ {f η ∶ η < ξ}, f ξ ⊥ f η , (f ξ ⊥ f η means f η ⪯ f ξ and f ξ ⪯ f η for η < ξ) has been de ned.
Since ψ < κ + , F = κ + and κ + is regular, we have that there exists f ∈ κ κ ∖ {f ξ ∶ ξ < κ
(because of our assumptions). By the construction H
Now let (H ξ ) ξ<κ + be a κ + -strong sequence with H ξ ⊆ κ κ and H ξ < κ + for each ξ < κ + . According to
De nition 2.4 we have that for all ξ < ψ there exist
A contradiction.
The next corollary follows from Theorem 2.5 and Lemma 2.3.
Corollary 2.6 (GCH). The following are equivalent (a) there exists a generalized K-Lusin set of cardinality
For a cardinal α we introduce the following notation, (see [7] ) s α = sup{η∶ there exists an α-strong sequence of cardinality η}. The following fact is obvious, (see [1] , Lemma 2.2).
Fact 3.3. Every Lusin set is a K-Lusin set.
The following corollary is immediate.
Corollary 3.4. If there exists a Lusin set of cardinality c (c -regular) then there is an ℵ -strong sequence
Following Lemma 8.26 in [8] we obtain a Lusin set of size κ by adding κ many Cohen reals. By Corollary 2.6 we have that it is consistent with ZFC that there exists ℵ -strong sequence from Before Theorem 3.5 there was mentioned that l = ℵ (so the existence of ℵ -strong sequence (H ξ ) ξ< ℵ with H ξ < ℵ for any ξ < ℵ by Proposition 3. 
